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Abstract—Nonnegative matrix factorization (NMF) is a useful
technique to explore a parts-based representation by decompos-
ing the original data matrix into a few parts-based basis vectors
and encodings with nonnegative constraints. It has been widely
used in image processing and pattern recognition tasks due
to its psychological and physiological interpretation of natural
data whose representation may be parts-based in human brain.
However, the nonnegative constraint for matrix factorization
is generally not sufficient to produce representations that are
robust to local transformations. To overcome this problem, in
this paper, we proposed a topographic NMF (TNMF), which
imposes a topographic constraint on the encoding factor as a reg-
ularizer during matrix factorization. In essence, the topographic
constraint is a two-layered network, which contains the square
nonlinearity in the first layer and the square-root nonlinearity
in the second layer. By pooling together the structure-correlated
features belonging to the same hidden topic, the TNMF will force
the encodings to be organized in a topographical map. Thus, the
feature invariance can be promoted. Some experiments carried
out on three standard datasets validate the effectiveness of our
method in comparison to the state-of-the-art approaches.

Index Terms—Data clustering, dimension reduction, feature
invariance, machine learning, nonnegative matrix factorization.

I. INTRODUCTION

ATA representation is a fundamental problem in image
processing and pattern recognition tasks. A good rep-
resentation can typically reveal the latent structure of data,
and further facilitate these tasks in terms of learnability and
computational complexity [1]-[7]. However, in many real
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applications, the input data matrix is generally of very high
dimension, which brings the curse of dimensionality for further
data processing [8]. To solve this problem, matrix factorization
approaches, such as Cholesky decomposition and singular
value decomposition (SVD), have been used to explore two
or more lower dimensional matrices whose product provides
a good approximation for the original data matrix.

Among matrix factorization methods, nonnegative matrix
factorization (NMF) [9] has recently become popular for data
representation owning to its psychological and physiological
interpretation of natural data whose representation may be
parts-based in human brain [10], [11]. Since there is only
additive, not subtractive, combinations, NMF with nonnegative
constraints will obtain a parts-based representation. In essence,
it models data as a linear combination of a set of basis vectors,
and both the combination encodings and the basis vectors are
nonnegative. That is, a face image can be represented by an
additive combination of several versions of mouths, noses,
eyes, and other facial parts. What’s more, in many real-world
applications, the components must be either zero or positive.
For instance, the probability of a given document belonging
to a particular group is nonnegative [12]. In addition, NMF
has shown superior performance to PCA and SVD in face
recognition [13] and document clustering [12].

To obtain the desired characteristics like preserving local
structure, minimizing prediction error etc., many NMF variants
have been developed by modifying the objective function or
constraint conditions of the original NMF. For example, to
consider the geometric structure in the data, several graph
regularized NMF methods [14]-[17] were presented to learn a
new parts-based data representation, which respected the graph
structure. Ding er al. [18] developed a NMF-like algorithm
that yielded nonnegative factors but allowed the data matrix
to have mixed signs. Based on linear programming, a NMF
algorithm with earth mover’s distance was presented in [19].

Liu et al. [20] proposed an A-optimal nonnegative projec-
tion (ANP) method by imposing prediction error constraint
on the encoding factor, which results in a data representation
with the smaller prediction error. Ding et al. [21] presented that
NMEF is roughly equivalent to the classical K-means clustering,
and the nonnegative constraint results in sparseness that could
lead to better approximations of the cluster indicators than
direct optimization in the discrete space. Thus, Hoyer [22]
introduced a nonnegative sparse coding algorithm (NNSC),
which explicitly incorporated a sparseness constraint based on
the relationship between the L; norm and L, norm. How-
ever, the above extensions may not be sufficient to produce
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Fig. 1. Learned 16 basis vectors on the ORL dataset by the NNSC and the
proposed TNMEF, respevtively. (a) NNSC. (b) TNME.

representations that are robust to local transformations, such
as scale and rotational invariance.

In order to learn the invariance of feature representation,
we propose a topographic NMF algorithm (TNMF). Specif-
ically, a topographic constraint is imposed on the encoding
factor as a regularizer for matrix factorization. In essence,
the topographic constraint is a two-layered network, which
contains the square nonlinearity in the first layer and the
square-root nonlinearity in the second layer. Our TNMF is
inspired by reconstruction topographic independent compo-
nent analysis (RICA) [23]-[25], which has demonstrated that
the topographic constraint can be helpful to learn invariance
on input data. In particular, this constraint forces encodings
to be organized in a topographical map by pooling together
structure-correlated features belonging to the same hidden
topic. By pooling over related features, the proposed topo-
graphic architecture can learn complex invariances, e.g., scale
and rotational invariance. Fig. 1 shows the learned 16-basis
vectors on the ORL dataset by NNSC and TNMF, respectively,
and the TNMF can obtain better basis vectors than NNSC by
achieve invariance.

To outline the workflow of our proposed TNMF, the
overview is illustrated in Fig. 2. Specifically, we firstly extract
the raw image features for input images. Then, by pooling
related features together, we can obtain the encodings that
are grouped by hidden topics in a structure-correlated feature
space. Finally, K-means can be applied on new representations
for clustering.

II. BRIEF REVIEW OF NMF

As a matrix factorization algorithm, NMF [9] is utilized
to decompose the original data matrix into a set of bases
and encodings where the basis and encodings are assumed
to be nonnegative. Mathematically, given a data matrix X =
[x;] = [X1,...,x,] € R™", NMF aims to find two non-
negative matrices W = [wy] = [Wy,..., W;] € R™ and
S =[spl=1Is1,... ,s,]T € R™ to approximate the original
matrix as follows:

X ~ wsT

where each column of X is a sample vector. Each data point
X; is approximated by a linear combination of the columns of
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W with the coefficient s;. Thus, W and S can be regarded as a
basis set and encodings, respectively. To quantify the quality of
the approximation, a cost function can be constructed by some
measures of distance. One popular measure is the Euclidean
distance (i.e., Frobenius norm)

OF =X — WST||%. (1

Although the objective function OF in (1) is not convex with
respect to both W and S together, the following alternating
algorithm [26] converged to a local minimum:

(XS)ik
Wik <= Wik T o
(WSTS) )
(XTW)
S jk

S —.
T ESWTW),

In many real applications, we generally have ¢ < min(m, n).
Thus, NMF is to explore a compressed approximation of the
original data matrix.

III. TOPOGRAPHIC NMF

Reconstruction topographic ICA (RICA) [23]-[25] is an
unsupervised learning algorithm that can learn complex in-
variant features from unlabeled image patches by using a
topographic network. This network can be described as a
two-layered network, with the square nonlinearity in the first
layer ((.)?) and the square-root nonlinearity in the second
layer (4/(.)), respectively. Mathematically, given a data matrix
X = [x;;] € R™", the topographic network is performed by
minimizing the following objective function

p=Ve+H-(W'X)OWTX)) 3)

where W = [W, ..., W,] € R™*! is the basis matrix of the first
layer, H = [h;;] € R™ is the spatial pooling matrix in the
second layer, ® denotes the element-wise multiplication and
¢ is a small positive constant. In addition, the pooling matrix
H is hard-coded to represent the topographical structure of the
neurons in the first layer as in [25], generally fixed to uniform
weights, i.e., each element 4;; is 1.

In fact, W X could be regarded as encodings corresponding
to data X [24]. Thus, we denote S = (W' X)T where § =
[six] € R**' for simplicity. Then, we rewrite the function p as

p(S)=+ve+H-(SOINT. “)

For convenience, we term the p(S) as topographic constraint.
Equation (4) forces encodings to be organized in a topo-
graphical map by pooling together structure-correlated features
belonging to the same hidden topic. More specifically, features
that are near to each other in the topographic map are relatively
strongly dependent in the sense of mutual information [23].

By incorporating the topographic constraint into the original
NMF model, the optimization problem (1) becomes

OF =[|1X — WS |2 + Ap(S) 5)

where A is a tradeoff parameter. As pointed out in [23]
and [24], such topographic pooling architecture results in
pooling units that are robust to local transformations of their
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Fig. 2. Method overview for image clustering. (a) Raw image features are extracted and then decomposed into a nonnegative basis set and the corresponding
nonnegative encodings with topographic constraint. Note that topographic constraint is a two-layered network, which contains square nonlinearity in the first
layer and square-root nonlinearity in the second layer. (b) Obtained encodings are grouped in a structure-correlated feature space, which will be beneficial to

clustering tasks.

inputs, and meanwhile promotes feature selectivity by allowing
the reconstruction error and minimizing the encoding energy.
As we known, the combination of robustness and selectivity
is central to feature invariance [27].

To solve the problem (5), the objective function can be
rewritten as

Or = |1X — WS"||7 + Ap(S)
=Tr((X — WST)Y(X — WST)T) + Ap(S)
=Tr(XXT) + Tr(WSTSWT) — 2Tr(XSWT)
+Ap(S) (6)

where Tr(-) denotes the trace of a matrix, and the steps of
derivation employ the matrix property Tr(AB) = Tr(BA) and
Tr(B) = Tr(B").

A. Multiplicative Update Rules Formulation

The objective function of TNMF in (6) is not convex with
respect to both variables W and S. Thus, it is unrealistic to
explore the global optima for the objective. In the following,
we describe an alternative update scheme to obtain the local
optima.

Given ® = [¢y] € R™*" and W =[] € R"™', denote ¢k
and @ as the Lagrange multipliers for constraint w;; > 0 and
sjx = 0. Thus, the Lagrange L is as follows:

L=Tr(XX")+Tr(WSTSWT) — 2Tr(XSW7)

+Ap(S) + Tr(dWT) + Tr(wsT). ™

With respect to W and S, the partial derivatives of L are

L ,
= 2XS+2WSTS+d 8)
aW

BL T T /
ﬁz—zx W+ 2SWIW + Ap/(S) + W. 9)

By utilizing the KKT conditions ¢y wy = 0 and ¢usy = 0,
we obtain the following equations for w;; and s j:

—(XS)ixwix + (WS" )gwy =0 (10)

1
—(XTW) s + (SWIW) jes j + Exp;.k(S)s & =0. (11)

Since the update is essentially element-wise, we use p jx(S) to
denote the part of function p(S), which is only relevant to the
element s in S. Equations (10) and (11) lead to the following
update rules:

(XS)ik
i Wik 12
wkewk(WSTS),»k (12)
XTw),
s sy Wik (13)

(SWTW) s + 3 AP (S)

Thus, the update rules (12) and (13) can be used to solve the
optimization problem (6). Note that the W and S are randomly
initialized in our experiments.

Regarding the update rules (12) and (13), we have the
following theorem.

Theorem 1: The objective function O of TNMF in (6) is
nonincreasing under the update rules in (12) and (13). The
objective function is invariant under these updates if and only
if W and § are at a stationary point.

Theorem 1 grantees the convergence under the update rules
of W and S, i.e., (12) and (13), and the final solution will
be a local optimum. The proof of Theorem 1 is given in the
following section.
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B. Proof of Convergence

In order to prove Theorem 1, the cost function O of TNMF
should be demonstrated to be nonincreasing under the update
steps in (12) and (13). While we have exactly the same update
formula for W in (12) as the original NMF [26]. In addition,
(13) is only related to S. Thus, we just consider that Of is
nonincreasing under the second update step in (13).

To prove the convergence of Or with (13), we employ the
following property of an auxiliary function similar to that used
in the expectation maximization algorithm [28].

Lemma 1: 1f G is an auxiliary function of F, i.e., G(s, s") >
F(s) and G(s,s) = F(s), then F is nonincreasing under the
update

s = arg min G(s, s9). (14)

Proof:
F(s(q+1)) < G(S(q+1), s(q)) < G(S(q), s(q)) — F(S(q)).

Notice that F(s9*D) = F(s?) holds only if s is a local
minimum of G(s, s9).
Now, we will show that the update step for S in (13) is
exactly the update in (14) with a proper auxiliary function G.
We rewrote the objective function Or of TNMF in (6) as
follows:

OF = ||1X — WST||% + Ap(S)

2
= Zi,j (xij — Zk WikSjic) +

A Zj,l \[E+ Zk hlksﬁk

where 1 </ < t. In addition, we use Fj to denote the part of
OF, which is only relevant to the element s in S. Thus, we
have

15)

a0
F;k = <F> = (—ZXTW+25WTW)jk+)»p;k(S) (16)

aS
and
i = QW W) +2p/(5). (17)
| ]
Lemma 2: Function
G(s, S(q)) - ]k(s(q))_'_ F’k(s(q))(s _ s(q))
SWIW) i + 24p (S
+( )]k p./k( )( (‘i))Z (18)

(q)
1k
is an auxiliary function for Fj, the part of Of which is only
relevant to s j.
Proof: Since G(s, s) = Fji(s) is obvious, we need only show
that G(s, sq)) > Fjy(s). To do this, we compare the Taylor
series expansion of F(s)

Fir(s) = Fi(s) + Fp(ss — 557

1
H(WT W)y + 2,\p”,k(S))(s — s\y? (19)

1765
with (18) to find that G(s, s ) > Fj(s) is equivalent to
(SWIW) 4 + 3Ap7(S) 1
‘@ P = (W Wyt 549 (). (20)
Jk
It is easy to check that
SWIW)y =D sSTWT Wi = SPWT W
In addition, we have p, and p’ as follows:
hies',
Pi$)=Y" £ @1
Lo @42
&+ Z}f h[k(S )
P = (
\/ €+ Zk hlk(s(q)
h s(q)
3 (husy) : 22)
@237
(e+ Zk hlk(sjk ))

Similarly, it is easy to verify that 1p/,(S) = $ap" u(S) - 5.
Therefore, (20) holds and we have G(s, sﬂ)) > Fi(s). Now,
we can prove the convergence of Theorem 1. |
Proof of Theorem 1 Replacing G(s, s'{') in (14) by (18) leads
to the update rule

(s(q))
S(q+1) s(q) _ S(q) k
jk jk jk
/ J J Z(SWTW)jk +)»p]k(S)
(@ (x’ W)Jk

S SWTW) 4+ 10 (S)

According to Lemma 2, F
rule.

F i is nonincreasing under this update

C. Connection to RICA
The optimization problem in RICA [23], [24] is defined as

Or = ||X — WWTX|[2 + Ap(WT X). (23)

Similar to TNMF, RICA also attempts to find a matrix
factorization, and simultaneously forces the pooling features
to group similar features together to achieve invariance. Ac-
cording to (5) and (23), it is clear there is a close connection
between the proposed TNMF and RICA. However, TNMF has
three major differences from RICA.

1) As an independent competent analysis method, the
prewhitening on the input data in RICA should be
carried out to satisfy the orthogonality constraint, i.e.,
WWT = I. But for TNMF, the explicit encoding as
S = (WI'X)T is employed without the requirement of
data prewhitening.

2) Nonnegative constraints are imposed on both basis ma-
trix W and encoding matrix S in TNMF, which leads
to a parts-based representation with only additive, not
subtractive, combinations.

3) The goal of TNMF is to obtain a low-rank approximation
(t « m) to the input data matrix with each column
of encoding matrix S corresponding to a hidden topic,
which is roughly equivalent to the classical K-means.
However, RICA as in sparse coding [29] tries to learn
highly over-complete features (¢ > m).
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Fig. 3. Clustering results on ORL dataset. (a) Accuracy. (b) NMIL.
TABLE I
CLUSTERING RESULTS ON ORL DATASET
N Accuracy (%)
Kmeans NMF PCA GNMF NSDR NNSC RICA ANP TNMF
5 | 79.80£2.80 | 81.60EI.18 | 80.60£2.64 | 83.80E1.75 | 85.61E£1.66 | 85.94E1.57 | 87.44E1.04 | 87.00£0.66 | 88.25%0.62
6 | 75.674£1.63 | 74.50+1.21 | 77.674£0.92 | 76.1741.26 | 80.204+1.17 | 82.50+£1.28 | 80.1740.45 | 82.6740.87 | 85.46+0.97
7 | 68.7141.55 | 74.14£1.55 | 69.574£1.91 | 75.644+1.17 | 77.52+1.10 | 80.4240.82 | 78.4241.12 | 79.71£1.02 | 79.5240.90
8 | 70.754+0.81 | 77.8840.75 | 74.75£1.16 | 78.4140.57 | 77.0940.59 | 74.88+0.17 | 74.50%1.11 | 79.75+0.42 | 80.00+0.43
9 72.89+0.47 | 78.00+1.32 | 76.78+1.73 | 79.22+0.52 | 80.67+0.49 | 81.70+0.62 | 78.56£0.50 | 82.00+0.54 | 81.41+0.53
10 | 69.9040.52 | 72.80+0.59 | 69.004£0.49 | 74.5140.47 | 77.7840.63 | 78.50+0.43 | 76.5040.67 | 73.5040.47 | 78.98+0.41
15 67.00+0.36 | 69.474+0.16 | 66.07+0.16 | 73.42+0.31 | 75.75+0.52 | 75.87+0.37 | 71.67+£0.37 | 74.07+£0.22 | 76.85+0.38
20 61.80+0.29 | 68.55+0.33 | 61.70+0.34 | 71.84+0.23 | 71.89+0.22 | 71.80£0.08 | 70.60+0.15 | 69.70+£0.46 | 72.77+0.06
Avg. | 7081E£1.05 | 74.62£0.89 | 72.02E1.17 | 76.62£0.79 | 78.31£0.80 | 78.95£0.67 | 77.23£0.68 | 78.55£0.58 | 80.41£0.54
N Normalized Mutual Information (%)
5 75.4243.60 | 77.60£1.45 | 75.78+3.50 [ 79.75+1.33 | 80.14+1.02 | 80.68+£1.28 | 82.37+1.24 | 81.50+0.85 | 82.78+0.71
6 | 74924144 | 74.36£1.07 | 76.154£0.69 | 77.6140.89 | 78.000.81 | 79.16+0.55 | 77.054£0.46 | 81.3740.68 | 82.414+0.41
7 70.294+1.01 | 76.59£1.29 | 70.07+£1.48 | 77.45+0.73 | 78.404+0.87 | 78.58+0.93 | 78.29+1.01 | 78.75+0.86 | 80.2940.75
8 | 72.974£0.61 | 79.4540.57 | 75.95+0.88 | 80.8140.62 | 78.5740.56 | 76.71£0.11 | 77.7240.87 | 80.63+0.39 | 81.58+0.28
9 | 76.5240.21 | 80.7740.65 | 80.0840.76 | 83.5440.52 | 83.2740.36 | 86.27+0.38 | 82.5140.25 | 84.63+£0.27 | 85.85+0.22
10 | 73.1040.41 | 77.134£0.49 | 72.7840.32 | 81.584+0.39 | 82.00+£0.48 | 82.3140.41 | 80.4340.34 | 77.004£0.25 | 83.34+0.32
15 | 76.5740.15 | 79.704£0.07 | 76.6940.08 | 80.1840.23 | 81.69+0.28 | 83.1840.24 | 81.854+0.27 | 82.00+£0.08 | 84.85+0.23
20 | 74.6140.14 | 79.46+0.14 | 74.5840.13 | 80.03+0.14 | 80.63+£0.23 | 80.3540.07 | 78.954+0.08 | 80.0740.20 | 81.7340.07
Avg. | 74.304+0.95 | 78.13£0.72 | 75.26+£0.98 | 80.11+0.61 | 80.3440.58 | 80.91£0.50 | 79.90+0.57 | 80.75+0.45 | 82.8540.37
IV. EXPERIMENTS some subjects, the images were taken at different times,
. . . . varying the lighting, facial expressions (open/closed
In this section, the datasets and evaluation metrics are first ymng . & g . p . . (op
. eyes, smiling/not smiling), and facial details (glasses/no
introduced. Then, we evaluate the performance of the proposed . . . .
. . . glasses). Each image is 32x32 pixels with 256 gray
TNMF model for image clustering over some previous state- .
. . . levels per pixel.
of-the-art algorithms. Once the clustering results are obtained, . . .
. - e . 2) Caltech 101 dataset contains 9144 images, which belong
we further analyze their statistical significance. Finally, we . . .
. . . to 101 object classes and 1 background class including
analyze the computational complexity of TNMF, and experi- . . . .
. . animals, vehicles, etc. Following the same experiment
mentally show the speed of its convergence. All experiments . .
. . . setup in ANP [20], we choose the ten largest categories
were conducted on a windows machine with Intel Core2 Duo as our experimental data which consists of 3044 im
3 GHz CPU(E8400) and 3 GB RAM. P exp .
ages in total, and extract the SIFT descriptors [31]
to form a 500-D frequency histogram [32] for each
A. Datasets image.
3) Yale Face dataset consists of 165 grayscale images

The performance of TNMF is evaluated on three public

image datasets: AT&T ORL,! Caltech 101 [30], and Yale.2
1) The ORL dataset contains ten different images in each
of 40 distinct subjects, thus 400 images in total. For

Thttp://www.uk.research.att.com/facedatabase.html
Zhttp://cve.yale.edu/projects/yalefaces/yalefaces.html

with 15 subjects. Each subject has 11 images, which
are different facial expression or configuration: center-
light, w/glasses, happy, left-light, w/no glasses, nor-
mal, right-light, sad, sleepy, surprised, and wink. Each
image is 32x32 pixels with 256 gray levels per
pixel.
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TABLE I
CLUSTERING RESULTS ON CALTECH 101 DATASET

Accuracy (%)

N Kmeans NMF PCA GNMF NSDR NNSC RICA ANP TNMF
2 74.0043.83 76.881+4.42 73.88+3.88 78.031+4.04 | 78.45+4.21 | 80.49+2.24 | 81.13+2.36 82.13£3.96 83.34+2.32
3 58.25+3.31 68.25+2.83 56.00+2.41 75.64+£2.63 | 75.814£2.74 | 74.884+1.10 | 75.63+1.57 76.17+£2.70 | 78.78+1.54
4 56.0642.35 66.88+2.41 57.06+2.46 74.53+2.15 | 74.07+£2.37 | 73.96+£1.34 | 74.254+1.04 71.56+1.90 | 75.25+1.12
5 52.304+0.94 60.20+1.37 51.8040.89 68.41+1.16 | 68.74+1.86 | 66.17+0.57 | 67.56+0.76 66.55+1.35 70.04+0.54
6 49.9640.47 58.7141.05 48.791+0.44 65.78+£0.95 | 65.97+1.23 | 63.41+0.60 | 64.75+0.37 63.17£0.99 66.06+0.66
7 46.5040.47 54.0040.57 46.181+0.37 61.76£0.51 | 62.5240.77 | 61.04+0.44 | 61.75+0.34 58.14+0.71 64.131+0.40
8 46.06+£0.27 54.5340.38 45.0340.24 59.85+0.31 | 60.17+£0.46 | 60.02+0.25 | 59.1040.07 59.84+0.53 62.23+0.14
9 43.94+0.21 54.2240.26 43.0640.15 58.2740.24 | 58.46+0.28 | 59.13+0.08 | 58.5240.21 58.83+0.24 | 60.54+0.12
10 42.0240.04 51.5240.16 40.0010.04 56.45+0.10 | 56.574+0.20 | 57.77+0.08 | 58.47+0.14 57.63+0.07 58.97+0.06
Avg. 52.12+1.32 60.58+1.49 51.31+£1.21 66.52+1.34 | 66.75+£1.57 | 66.32+0.74 | 66.7940.69 66.00+1.38 68.82+0.77
N Normalized Mutual Information (%)
2 41.49+17.58 | 49.60+£20.86 | 41.46£17.59 | 58.16+8.13 | 58.91£9.22 | 57.37+6.14 | 59.05£7.15 | 59.08£18.60 | 61.541+5.48
3 35.77+7.17 49.00+7.68 33.09+5.31 58.81+2.74 | 58.67+3.06 | 58.50+2.13 | 60.1442.40 60.27+6.46 60.46+2.55
4 39.85+4.65 54.19+4.61 40.0244.70 57.78+2.21 | 57.14+2.65 | 59.60+1.44 | 58.74+1.01 59.68+4.00 | 59.88+1.63
5 40.82+2.09 50.35+2.11 40.1942.13 57.40+1.63 | 57.76+1.87 | 58.42+0.87 | 58.4440.56 58.02+2.07 59.50+0.86
6 41.13£1.14 50.91£1.50 40.3040.98 57.04+0.55 | 57.3940.60 | 56.59+0.47 | 57.80+0.25 57.08+1.38 58.07+0.52
7 38.81+0.86 48.3240.78 38.10+0.75 56.51+£0.47 | 56.644+0.54 | 56.21+0.39 | 56.79+0.27 51.91£0.91 56.6640.49
8 41.5840.63 50.8940.47 40.8940.45 56.47+£0.33 | 56.57+0.36 | 56.02+0.16 | 56.10+£0.10 55.93£0.55 56.2340.19
9 41.9540.23 52.3040.32 41.0040.21 56.34+£0.26 | 56.434+0.31 | 56.79+0.06 | 56.17+0.14 56.08+0.21 56.83+0.18
10 40.86+0.03 51.1740.13 38.574+0.05 56.31+0.21 | 56.37+£0.24 | 56.33+0.14 | 56.2040.22 56.39+0.09 56.92+0.11
Avg. 40.2543.82 50.754+4.27 39.29+3.57 57.20£1.84 | 57.3242.09 | 57.31+£1.30 | 57.71£1.34 57.16£3.81 58.45+1.33
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Fig. 4. Clustering results on the Caltech 101 dataset. (a) Accuracy. (b) NMIL.

B. Evaluation Metrics

The clustering results are usually evaluated by comparing
the cluster label of each sample with its label provided by
the database. Similar to [20], two standard clustering metrics,
the accuracy (AC) and normalized mutual information metric
(NMI), are utilized to measure the clustering performance.
Given a dataset with n images, for each image x;, denote by
e; and r; the cluster label and the ground truth provided by the
database, respectively. The metric AC is defined as follows:

> 8(ri, map(e:))

AC = = (24)

n

where 6(x, y) is the delta function, which equals one if
x =y and equals zero otherwise, and map(e;) is the mapping
function that maps each cluster label e; to the best label from
the database. The best mapping can be found by employing
the Kuhn—Munkres algorithm [33].

= 45
‘3\./ ) A
— 400
= ¥ | —w—Kmeans| ¥
Z 351 NMF
—— PCA
30 : GNMF
- ¢ —NSDR
251 - & =NNSC
- ¢ -RICA
201 ANP
—w— TNMF
5 3 4 5 6 7 8 9 10
Number of Classes

(b)

Let C denote the set of clusters obtained from the ground
truth and C obtained from our algorithm. Their mutual infor-
mation metric MI(C, C) is defined as follows:

p(ci, ¢))

MI(C, C) = &) - log R
©O= 2. ety

cieC,¢;eC

(25)

where p(c;) and p(¢;) are the probabilities that an image
arbitrarily selected from the dataset belongs to the clusters
¢; and ¢;, respectively, and p(c;, €;) is the joint probability
that the arbitrarily selected image belongs to the clusters c;,
as well as ¢; at the same time. In our experiments, we use the
normalized mutual information NM1I as follows:

MI(C, C)
max(H(C), H(C))
where H(C) and H(C) are the entropies of C and C, respec-
tively. Note that NMI(C, C) ranges from 0 to 1. NMI = 1 if

the two sets of clusters are identical, and NMI = O if the two
sets are independent.

NMI(C,C) =

(26)
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Fig. 5. Clustering results on the Yale dataset. (a) Accuracy. (b) NMIL

TABLE III
CLUSTERING RESULTS ON YALE DATASET

Accuracy (%)

N Kmeans NMF PCA GNMF NSDR NNSC RICA ANP TNMF
2 76.18+2.74 | 77.95+2.29 | 79.36£1.76 | 80.354+2.09 | 80.914+2.40 | 79.73+£2.15 | 79.2442.73 | 80.45+2.29 | 81.39+2.17
3 52.1241.15 | 63.21+0.82 | 61.67+£0.85 | 63.33+0.96 | 63.944+1.00 | 62.79+£0.85 | 65.264+1.31 | 66.36+0.94 | 68.42+0.90
4 49.554+0.57 | 55.00+0.71 | 54.55+0.69 | 55.914+0.54 | 58.8640.80 | 57.50+0.83 | 57.5041.03 | 56.144+0.89 | 62.73+0.86
5 46.91£0.50 | 51.091+0.66 | 50.18+£0.35 | 55.27+£0.48 | 54.184+0.78 | 49.45+0.37 | 51.45£0.73 | 56.184+0.65 | 57.64+0.62
6 46.52+0.37 | 52.12+0.22 | 49.09+£0.31 | 50.61£0.09 | 51.584+0.32 | 47.12+0.25 | 47.274+0.24 | 48.03+0.43 | 52.58+0.17
7 46.754+0.39 | 50.9140.58 | 50.78+0.33 | 52.344+0.45 | 51.6940.68 | 48.83+0.31 | 51.3040.31 | 51.294+0.44 | 52.60+0.40
8 41.1440.19 | 45.344+0.32 | 43.18+0.29 | 44.66+0.27 | 46.931+0.41 | 44.890+0.42 | 44.324+0.25 | 46.5940.58 | 47.27+0.31
9 37.34+£0.25 | 40.41+0.11 | 37.48%+0.15 | 41.42+0.07 | 39.4040.10 | 41.31+0.25 | 38.38+0.26 | 45.15+0.19 | 45.56+0.12
10 42.641+0.24 | 43.911+0.30 | 44.09£0.08 | 44.18+0.24 | 42.73+0.32 | 44.82+0.17 | 44.004+0.07 | 46.27+0.27 | 46.64+0.09
Avg. | 48.7940.71 | 53.33+0.67 | 52.26+£0.53 | 54.234+0.58 | 54.4740.76 | 52.94+0.62 | 53.1940.77 | 55.16+0.74 | 57.20+0.63
N Normalized Mutual Information (%)
2 44.68+3.47 | 41.74+2.54 | 50.88+£2.96 | 54.47+3.59 | 55.59+3.48 | 52.23+3.26 | 50.73+3.86 | 54.86+3.19 | 56.19+2.14
3 35.74+£2.56 | 41.024+2.20 | 36.414+2.21 | 42.17£2.72 | 42.304+2.42 | 40.254+2.22 | 47.89+3.02 | 51.7242.23 | 53.16+1.39
4 29.11£1.38 | 42.294+1.41 | 32.48+1.51 | 36.74+£098 | 38.37+£1.67 | 35.574+2.02 | 38.53+£2.97 | 37.23+0.70 | 45.73+1.08
5 34.17£1.15 | 37.16£0.75 | 36.89+0.75 | 39.14£0.71 | 37.59+0.82 | 34.661+0.63 | 36.37£1.13 | 39.78+0.82 | 42.37+0.51
6 35.40+0.81 | 41.11£0.35 | 38.07£0.64 | 39.37£0.23 | 39.83£0.50 | 36.1440.53 | 35.7940.68 | 36.554+0.75 | 41.88+0.45
7 39.12+0.57 | 41.514+0.51 | 44.07+0.38 | 44.04+0.60 | 43.2840.64 | 40.77+0.37 | 44.28+0.60 | 42.184+0.29 | 43.794+0.40
8 35.524+0.40 | 39.954+0.42 | 38.544+0.43 | 38.94+0.36 | 40.7040.61 | 38.7240.74 | 40.34+0.49 | 41.48+0.37 | 42.621+0.29
9 38.96+£0.39 | 40.63+0.15 | 33.8940.15 | 35.56+£0.28 | 35.43£0.06 | 42.79+0.41 | 35.92+0.40 | 39.91£0.20 | 44.55+0.16
10 41.87£0.29 | 42.024+0.28 | 44.60+0.17 | 42.26£0.31 | 39.894+0.26 | 42.89+0.24 | 44.3540.11 | 43.76+0.25 | 44.62+0.14
Avg. | 37.17+£1.22 | 40.82+0.95 | 39.53+1.02 | 41.41+1.08 | 41.4441.16 | 40.44+£1.15 | 41.57+1.47 | 43.054+0.97 | 46.10+0.72

C. Clustering Results 10 ‘A P
To evaluate the clustering performance, we compare our 9F cb PCA 1
TNMEF with other state-of-the-art algorithms on the above two 8f NMF 1
datasets. The evaluated algorithms are listed below: 7" RICA 1
1) traditional K-means on original data (Kmeans);. j, ONME |
2) nonnegative matrix factorization (NMF) [9]; Al NSPR |
3) principle component analysis (PCA); o N |
4) graph regularized NMF (GNMF) [15]; NNSC
. . . . .. . 2F TNMF ]
5) nonnegative spectral clustering with discriminative reg- L )
ularization(NSDR) [4]; 0 ) ) ‘
6) nonnegative sparse coding (NNSC) [22]; ! 2 3 4 Rk 6 7 8 o
7) reconstruction ICA (RICA) [24];
8) A-optimal nonnegative projection (ANP) [20]. Fig. 6. Graphical representation of Nemenyi test on ORL data (CD=4.01).

Following the same setting in ANP, N categories will be
randomly picked up from the dataset with fixing cluster num- of the new space to be the same as the number of clusters N.
ber N. All of these images are mixed into the collection X for Then, K-means is applied on new representations for cluster-
clustering. To obtain the encodings, we set the dimensionality ing. The above process will be repeated ten times, and both
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Fig. 7. Performance of TNMF versus parameter A. (a) Accuracy. (b) NMIL

the average and variance of the performance are given as the
final experiment result.

Fig. 3 shows the effectiveness of the proposed TNMF on
ORL dataset. The detailed results are described in Table I.
Our results are better than the best of the other algorithms,
i.e., 1.46% improvement in accuracy averagely and 1.94% im-
provement in normalized mutual information averagely. Fig. 4
and Table II show the clustering results on the Caltech 101,
respectively. Specifically, TNMF achieves 2.03% improvement
in accuracy averagely and 0.74% improvement in normalized
mutual information than the best of the other algorithms.
Especially, TNMF outperforms all the other algorithms all the
way in terms of clustering accuracy. In addition, Fig. 5 and
Table IIT demonstrate the clustering results on the Yale dataset,
respectively, and TNMF outperforms the other methods in
most cases, i.e., 2.04% improvement in accuracy averagely
and 3.05% improvement in normalized mutual information
averagely.

D. Statistical Analysis

To evaluate the performance of our proposed TNMF, we
use the Friedman test and Nemenyi test recommended in [34].
First, the average ranks of classifiers over all data are com-
puted, and Friedman test is conducted to verify the null-
hypothesis that all classifiers are equivalent in the respect
of clustering performance. If the null hypothesis is rejected,
then the Nemenyi test will proceed. In addition, if the average
ranks of two classifiers differ by at least the critical difference
(CD), then it can be concluded that their performances are
significantly different.

In the Friedman test, we set the significant level o = 0.05.
Based on the accuracies of all methods over each cluster
number on ORL dataset, we obtain the p-value = 6.14 x ¢~}
by performing the Friedman test. Since p-value is lower than
o, we can reject the null hypothesis and Nemenyi test can
proceed. As shown in Fig. 6 for CD diagram, TNMF achieves
significant improvement over NMF, PCA, and Kmeans on
ORL data. In addition, TNMF is much more competitive with
some state-of-the-arts methods, NNSC, ANP, NSDR, GNMF,
and RICA.
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TABLE IV
RUNNING TIME (IN SECONDS)

N 5 10 15 20

NMF 0.13s | 0.33s 0.49s 0.71s
RICA 4.37s | 10.69s | 13.68s | 17.46s
TNMF | 0.14s | 0.36s 0.60s 0.97s

E. Tuning Parameter Selection

In the experiments, we experimentally set A = 10 for the
ORL data, A = 100 for Caltech data, and A = 0.01 for
Yale data. Fig. 7 shows how the performance of TNMF varies
with the parameter A on ORL dataset for cluster number N=10.
It is easy to find that the TNMF is stable with respect to the
parameter A.

F. Computational Complexity Analysis and Convergence
Study

In this experiment, we test the speed performance of the
original NMF, RICA, and our TNMF, and meanwhile in-
vestigate the effect over the cluster number N as 5, 10,
15, and 20. In addition, all the algorithms are terminated
when changes of the parameter vector drop below 107°. We
use the RICA implementation provided in [24]. Table IV
shows the running times for NMF, RICA, and our TNMFE
The results show that our method is much faster than the
RICA and slightly slower than NMF. However, as shown
in Section IV-C, TNMF achieves much better clustering
performance than NMF. In addition, the overall cost of
TNMF is same as the original NMF for each update step
(i.e. O(mnt)).

In Section III-B, we have theoretically proved the con-
vergence of TNMF, and now we experimentally show the
speed of convergence of TNMF in comparison to the NMF
in Fig. 8. Note that we set the cluster number N = 10. Fig. 8
demonstrates that TNMF converges as fast as NMF within
400 iterations.
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V. CONCLUSION

In this paper, we propose a topographic NMF algorithm for
data clustering, called TNMF. TNMF explicitly incorporates a
topographic constraint to force encodings to be organized in
a topographical map by pooling structure-correlated features
together to achieve invariance. The experiments conducted on
standardized datasets have demonstrated the effectiveness of
the proposed method.
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